A Roman dominating function on a graph G = (V, E) is a function f : V → {0, 1, 2} satisfying the condition that every vertex u for which f (u) = 0 is adjacent to at least one vertex v for which f (v) = 2. The weight of a Roman dominating function is the value f (V ) = u∈V f (u). The minimum weight of a Roman dominating function on a graph G is called the Roman domination number of G. In this paper we study the graph theoretic properties of this variant of the domination number of a graph.
Introduction
Let G = (V, E) be a graph of order |V | = n. For any vertex v ∈ V , the open neighbourhood of v is the set N(v) = {u ∈ V |uv ∈ E} and the closed neighbourhood is the set N [v 
] = N(v) ∪ {v}. For a set S ⊆ V , the open neighbourhood is N(S) = ∪ v∈S N(v) and the closed neighbourhood is N[S] = N(S) ∪ S.
In a connected graph G, the distance between two vertices u and v is the number of edges in a shortest path joining u and v, and is denoted d (u, v) . If u ∈ V and S ⊂ V , then d(u, S) denotes the minimum distance between u and any vertex of S. The radius of a graph G is rad(G) = min v∈V max w∈V d (v, w) and the diameter of the graph is diam(G) = max v,w∈V d (v, w) .
Let v ∈ S ⊆ V . Vertex u is called a private neighbour of v with respect to S(denoted by u is an S-pn of v) if u ∈ N[v] − N[S − {v}]. An S-pn of v is external if it is a vertex of V − S. The set pn(v, S) = N[v] − N[S − {v}] of all S-pns of v is called the private neighbourhood set of v with respect to S. The set S is said to be irredundant if for every v ∈ S, pn(v, S) = ∅.
A set S is a dominating set if N[S] = V , or equivalently, every vertex in V − S is adjacent to at least one vertex in S. The domination number γ(G) is the minimum cardinality of a dominating set in G, and a dominating set S of minimum cardinality is called a γ-set of G. We note for later reference that every minimal dominating set is a maximal irredundant set.
A set S of vertices is called independent if no two vertices in S are adjacent. The independent domination number i(G) is the minimum cardinality of a set S of vertices which is both independent and dominating.
A set S of vertices is called a 2-packing if it is independent and for every pair of vertices u, v ∈ S, N [u] ∩ N[v] = ∅. The 2-packing number P 2 (G) of a graph G is the maximum cardinality of a 2-packing in G.
Finally, a set S of vertices is called a vertex cover if for every edge uv ∈ E, either u ∈ S or v ∈ S.
In this paper we study a variant of the domination number which is suggested by the recent article in Scientific American by Ian Stewart, entitled "Defend the Roman Empire!" [5] . A Roman dominating function on a graph G = (V, E) is a function f : V → {0, 1, 2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
Stated in other words, a Roman dominating function is a coloring of the vertices of a graph with the colors {0, 1, 2} such that every vertex colored 0 is adjacent to at least one vertex colored 2. The definition of a Roman dominating function is given implicitly in [1] , [4] and [5] . The idea is that colors 1 and 2 represent either one or two Roman legions stationed at a given location (vertex v). A nearby location (an adjacent vertex u) is considered to be unsecured if no legions are stationed there (i.e. f(u) = 0). An unsecured location (u) can be secured by sending a legion to u from an adjacent location (v). But Emperor Constantine the Great, in the fourth century A.D., decreed that a legion cannot be sent from a location v if doing so leaves that location unsecured (i.e. if f(v) = 1). Thus, two legions must be stationed at a location (f(v) = 2) before one of the legions can be sent to an adjacent location.
The set S of vertices colored 1 or 2 by a Roman dominating function is called a Roman dominating multiset. Note that a vertex colored 2 appears twice in S. For simplicity, however, we will call such a set a Roman dominating set, with the understanding that the word Roman implies that it is a multiset.
The recent book Fundamentals of Domination in Graphs [3] lists, in an appendix, many varieties of dominating sets that have been studied. It appears that none of those listed are the same as Roman dominating sets. Thus, Roman domination appears to be a new variety of both historical and mathematical interest.
Properties of Roman dominating sets
For a graph G = (V, E), let f : V → {0, 1, 2}, and let (V 0 , V 1 , V 2 ) be the ordered partition of V induced by f, where
Note that there exists a 1 − 1 correspondence between the functions f : V → {0, 1, 2} and the ordered partitions
The Roman domination number, denoted γ R (G), equals the minimum weight of an RDF of G, and we say that a function f = (V 0 , V 1 , V 2 ) is a γ R -function if it is an RDF and f(V ) = γ R (G).
Proposition 1 For any graph
and has precisely one external
Proof: (a) Suppose u, v, w is the vertex sequence of a path
, where
It follows that
Then W 2 W 0 and g is an RDF. However,
which is a contradiction.
(e) By (d), V 2 is a γ-set of H and hence is a maximal irredundant set in H. Therefore, each v ∈ V 2 has at least one V 2 -pn in H.
Suppose that v has no external V 2 -pn. Then the function produced by changing f(v) from 2 to 1 is an RDF of smaller weight, a contradiction. Hence, v has at least two V 2 -pns in H.
Suppose that v is not isolated in G[V 2 ] and has precisely one V 2 -pn (in H), say w. The function produced by changing f(v) to 0 and f(w) to 1 is an RDF of smaller weight, which is a contradiction. Again v has at least two V 2 -pns in H.
(f) Suppose the contrary. Form a new function by changing the function values of v and each y ∈ N(w) ∩ V 1 to 0, and the value f(w) to 2. This is an RDF with smaller weight than f, which is a contradiction. 
which is a contradiction. Therefore, V 1 is an independent set, which implies that V 0 ∪ V 2 is a vertex cover, since the complement of any independent set is a vertex cover of G. 
Hence, g is a γ R -function with |W 1 | < |V 1 |, which is a contradiction. 
Therefore,
Hence, n 0 ≥ 3n/7 as required. 
, and achieves the bound n 0 = 3n/7 = 3.
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Corollary 1 For any non-trivial connected graph
S is a 2-packing}.
and (c) we can assume that V 1 is a 2-packing. It follows from Proposition 3(d) that V 2 is a γ-set of the graph G − S obtained from G by deleting all vertices in V 1 .
3 Specific values of Roman domination numbers
In this section we illustrate the Roman domination number by determining the value of γ R (G) for several classes of graphs.
Let a, b, c be three consecutive vertices of a path P n , and let
, or a and c are in V 0 , and b is in V 1 . If this occurs, then the vertices adjacent to a and c, call them x and y, must both be in
The following result is therefore easily proved.
Proposition 5 For the class of paths P n and cycles
For the class of complete multipartite graphs K m 1 ,...,mn there are three cases to consider.
Proposition 6 Let
G = K m 1 ,...,mn be the complete n−partite graph with m 1 ≤ m 2 ≤ . . . ≤ m n . (a) If m 1 ≥ 3 then γ R (G) = 4. (b) If m 1 = 2 then γ R (G) = 3. (c) If m 1 = 1 then γ R (G) = 2.
Proof:
Throughout this proof, let R be the partite set of size m 1 , and let
If f(w) = 0 for any vertex w ∈ S, then without loss of generality, we can assume that f(u) = 2. If f(v) = 0, then there must exist a vertex x ∈ S such that f(x) = 2, and hence,
(c) This case is obvious.
Proposition 7 If G is a graph of order n which contains a vertex of degree
For arbitrary graphs G and H, we define the Cartesian product of G and H to be the graph G2H with vertices {(u, v)|u ∈ G, v ∈ H}. Two vertices (u 1 , v 1 ) and (u 2 , v 2 ) are adjacent in G2H if and only if one of the following is true: u 1 = u 2 and v 1 is adjacent to v 2 in H; or v 1 = v 2 and u 1 is adjacent to u 2 in G. If G = P m and H = P n , then the Cartesian product G2H is called the m × n grid graph and is denoted G m,n .
Proposition 8 For the
is an RDF for G 2,n , then any vertex in V 2 can dominate at most four vertices, while a vertex in V 1 can dominate only one. Thus, in order to dominate G 2,n , we must have 
We can show that γ R (G 2,n ) = n + 1 by construction.
Let the vertices of G 2,n be v 1,1 , v 1,2 , . . . , v 1,n , v 2,n and define the RDF g as follows: for each i such that 2 + 4i ≤ n, let g(v 2,2+4i ) = 2, and for each j such that 4j ≤ n, let g((v 1,4j ) = 2. Let g(v 1,1 ) = 1, and if n ≡ 1 (mod 4), let g(v 2,n ) = 1, and if n ≡ 1 (mod 4), let g(v 1,n ) = 1. For all of the remaining vertices u, let g(u) = 0. It is easily seen that g(V ) = n + 1.
2 Figure 1 : The constructions for G 2,n , 1 ≤ n ≤ 6. Filled-in circles denote vertices in V 2 , empty circles denote vertices in V 1 .
One final class of graphs is of some interest.
Theorem 1 If G is any isolate-free graph of order n, then γ R (G) = n if and only if
Proof: It is sufficient to prove this result for connected graphs G. By Proposition 1,
¿From (i) and Theorem 2. The labelling (0, 2, 0, 1) of the vertices of C 4 gives a contradiction to the assertion that γ R (C 4 ) = n = 4. Thus, from (ii) and Proposition 1, G = H • K 1 has a γ Rfunction with n 1 = 0 and n 0 = n 2 . Thus the function which is 0 on each endvertex of H • K 1 , and is 2 on each vertex in H is a γ R -function. Now, suppose that H has an edge uv, and the corresponding endvertices adjacent to u and v are u and v , respectively. We can then form a smaller weight RDF by changing the function values to f(u ) = 0, f(u) = 2, f(v) = 0 and f(v ) = 1, which is a contradiction. Therefore, the graph H has no edges, and since it is connected,
4 Classifying graphs with
¿From Proposition 1, we know that:
But from Proposition 2 we know that this lower bound is achieved only when G = K n . Thus, if G is a connected graph of order n ≥ 2, then γ R (G) ≥ γ(G)+1. The connected graphs G with γ R -functions of weight γ(G) + 1 and γ(G) + 2 have a very specific structure, which will be shown in the following propositions.
In case (1), since
It is easily verified that γ R (P 2 ) = 2 = γ(P 2 ) + 1, and P 2 has a vertex of degree 1.
In
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Several corollaries follow from Proposition 9. ¿From Proposition 4(c) we know that V 1 is a 2-packing of cardinality γ(G) − 1. Assume that P is a 2-packing of cardinality greater than γ(G) − 1. If v ∈ P , then no vertex in either V 0 or V 1 can be in P . If a vertex in V 0 , say w, is in P , then no other vertex in V 0 can be in P , since every vertex in V 0 has v as a neighbour.
Corollary 2 If G is a connected graph, then γ R (G) = γ(G) + 1 if and only if G has a γ-set S which contains a vertex v such that {v} V − S and the set S − {v} is a 2-packing.
Corollary 3 If G is a connected graph and γ
R (G) = γ(G) + 1, then γ(G) = i(G).
Corollary 4 If G is a connected graph of order
Thus, if a 2-packing P contains a vertex w ∈ V 0 , then all other vertices in P must be in V 1 . If w has a neighbour in V 1 , say x, then x cannot be in P . 
2
By a brief enumeration of cases, the following can be shown. G is a connected graph and γ R (G) = γ(G) + 1, then 1 
Corollary 5 If
We next characterize the class of trees T for which γ R (T ) = γ(G)
with all of its edges subdivided. In a wounded spider, a vertex of degree t will be called the head vertex, and the vertices that are distance two from the head vertex will be the foot vertices. Any vertex which is neither a head or foot vertex will be called a body vertex. The head and foot vertices are well defined except when the wounded spider is the path on two or four vertices. For P 2 , we will consider both vertices to be head vertices, and in the case of P 4 , we will consider both endvertices as foot vertices and both interior vertices as head vertices. 
As in the proof of Proposition 9, either T = P 2 , or |V 1 | = γ(G) − 1, and
Since |V 1 | is minimized in f, by Proposition 4(c), each vertex of V 0 is adjacent to at most one vertex of V 1 . Conversely, since T is connected, V 1 is independent, and V 1 and V 2 have no edges between them, every vertex in V 1 must be joined to a vertex in V 0 . Furthermore, not every vertex in V 0 can be adjacent to a vertex in V 1 , that is, T cannot be a healthy spider. If this was the case, then V 0 forms a γ−set for T and deg
, which is a contradiction. Hence, T is a wounded spider.
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Other than wounded spiders, the classes of graphs for which γ R (G) = γ(G) + 1 include the following:
1. All graphs of the form G = K 1 + H, where "+" denotes the join operation, i.e. the single vertex, say v, in K 1 is adjacent to every vertex in H. This class includes all complete graphs K n and all wheels K 1 + C n .
2. All graphs of the form G = K 2 +H, i.e. two non-adjacent vertices, each of which is adjacent to every vertex in H. This class includes all complete bipartite graphs K 2,n , and all double wheels K 2 + C n .
All graphs of the form
We next characterize the class of graphs for which γ R (G) = γ(G) + 2. 
Proposition 11 If G is a connected graph of order n, then γ R (G) = γ(G) + 2 if and only if: (a) G does not have a vertex of degree n − γ(G), and (b) either G has a vertex of degree n − γ(G) − 1 or G has two vertices v and w such that |N[v] ∪ N[w]| = n − γ(G)
+= n − |V 1 | = n − (γ(G) − 2) = n − γ(G) + 2.
Corollary 6 If G is a connected graph and γ R (G) = γ(G) + 2, then 2 ≤ rad(G) ≤ 4 and 3 ≤ diam(G) ≤ 8.
Corollary 7 If T is a tree of order n ≥ 2, then γ R (T ) = γ(T ) + 2 if and only if either (i) T is a healthy spider or (ii)
T is a pair of wounded spiders T 1 and T 2 , with a single edge joining a vertex v ∈ V (T 1 ) and a vertex w ∈ V (T 2 ), subject to the following conditions:
1. if either tree is a P 2 , then neither vertex in P 2 is joined to the head vertex of the other tree.
If v is a foot vertex and w is a body vertex, w cannot be joined to a foot vertex in T 2 .
v and w are not both foot vertices.
Proof: ⇐:
If T is a tree of type (i) or (ii) mentioned in the corollary, then it is not a wounded spider, and hence, by Proposition 10, γ R (T ) > γ(T ) + 1. Note that if a P 2 was joined to the other tree at its head vertex, the resulting tree would be a wounded spider. If T is a healthy spider, let V 2 be the head vertex, V 1 be the foot vertices, and V 0 be the remaining vertices. In this case, V 0 is the unique γ−set for T ,
is an RDF with f(V ) = γ(T ) + 2, and f is a γ R −function.
If T 1 and T 2 are wounded spiders, note that the head vertex and foot vertices form a γ−set for each tree. Let these γ−sets be D 1 and D 2 . If either tree is P 4 , then either non-adjacent foot and head vertex pair forms a γ−set for P 4 . Similarly, T 1 has a γ R −function f = (V 0 , V 1 , V 2 ) of weight γ(T 1 ) + 1 and T 2 has a γ R −function g = (W 0 , W 1 , W 2 ) of weight γ(T 2 ) + 1, with V 1 and W 1 consisting of the foot vertices of T 1 and T 2 , respectively, and V 2 and W 2 consisting of the head vertex of T 1 and T 2 , respectively. Now, we consider the ways that the two wounded spiders can be joined by a single edge vw, v ∈ V (T 1 ), w ∈ V (T 2 ) to form T , subject to the conditions in the corollary.
If v and w are two head vertices or two body vertices, a head vertex and a body vertex, or a foot vertex and a body vertex not joined to any other foot vertex, then
If v is a head vertex of T 1 and w is a foot vertex of In case (1), let v be the vertex in
. Assume that |V 1 | is minimized. This being the case, V 1 is independent and no more than one vertex in V 1 can be joined to a single vertex in V 0 . Thus, γ(T ) vertices of V 0 share edges with distinct vertices of V 1 . In addition, if a vertex in V 0 is not joined to an vertex in V 1 , then T is a wounded spider, a contradiction. Hence, in this case, if |V 1 | is minimized, then T is a healthy spider. Note that V 0 forms a γ−set for T , which supports the observation that
If |V 1 | is not minimized, then two vertices x, y ∈ V 1 form a path with a vertex w ∈ V 0 . If w is between x and y, then f = (V 0 − {w} ∪ {x, y}, V 1 − {x, y}, V 2 ∪ {w}) is an RDF for T of the same weight as f, so it is also a γ R −function for T . Deleting the edge vw, we are left with two wounded spiders. If w, x, and y form a path (in that order), then f = (V 0 ∪ {y},
Deleting the edge vw, we are left with two wounded spiders. At most one of these substitutions can be made. If there were two or more, there would be a γ R −function of weight γ(T ) + 2 with |V 2 | ≥ 3, which we know cannot be the case. Note that the edge deleted involved a head vertex in at least one of the subtrees, and if the tree remaining after the deletion of w, x, and y is a P 2 , then the original tree was either a wounded spider with w as the head vertex or a P 5 , where the head vertex of the P 2 was joined to w, which was not the head vertex of the wounded spider on w, x, and y.
In case (2), let |V 1 | = γ(T ) − 2 and V 2 = {v, w}. In this case, |V 1 | is minimized, so |V 1 | is independent, and no vertex in V 0 can have more than one neighbour in If V ∩ W = {x}, then let y be the neighbour of
is an RDF of weight less than f, a contradiction.
If N(v)∩N(w) = {x} and x is the only vertex in
Note that since V and W each have a distinct vertex which is not joined to a vertex in V 1 , {v} ∪ V ∪ V and {w} ∪ W ∪ W each form wounded spiders, with v and w as the head vertices and V and W as the foot vertices of each wounded spider.
To complete the proof, we consider the possible paths between v and w and show that the deletion of an edge leaves two wounded spiders in all cases except the ones mentioned in the corollary.
Case 1: there is an edge between v and w. In this case, if either {v} ∪ V ∪ V or {w} ∪ W ∪ W is a P 2 , then T is a wounded spider, since attaching a P 2 by an edge to the head vertex of a wounded spider produces another wounded spider. If neither is a P 2 , then deleting the edge vw leaves two wounded spiders.
Case 2: there is a path between v and w is of length two and it contains a vertex in V ∩ W .
Let V ∩ W = {x}. If x is the unique vertex in V (similarly W ) not joined to a vertex in V 1 , then deleting the edge wx (similarly vx) leaves two wounded spiders. If this is not the case, deleting either wx or vx leaves two wounded spiders.
Case 3: there is a path v, x, y, w, where x ∈ V and y ∈ W . In this case, deleting the edge xy leaves two wounded spiders. Case 4: there is a path v, x, y, z, w, where x ∈ V , y ∈ V ∩ W , and z ∈ W . In this case, deleting either xy or yz leaves two wounded spiders. Note that since V 1 is independent, there cannot be a path v, r, s, t, u, w, where r ∈ V , s ∈ V , t ∈ W and u ∈ W . Also, since no vertex in V 0 can be joined to more than one vertex in V 1 , the edge which joins the two wounded spiders cannot be between a foot vertex of one tree and a body vertex of the other tree already joined to another foot vertex.
Graphs for which γ R (G) = 2γ(G)
¿From Proposition 1 we know that for any graph G, γ R (G) ≤ 2γ(G). We will say that a graph G is a Roman graph if γ R (G) = 2γ(G). In this section we consider the problem of characterizing Roman graphs.
Proposition 7 gives us our first class of Roman graphs, i.e. graphs of the form G = K 1 + H, where γ(G) = 1 and γ R (G) = 2. Equivalently, any graph of order n having a vertex of degree n − 1 is a Roman graph.
Proposition 5 identifies all Roman paths and cycles, i.e.P 3k , C 3k , P 3k+2 , and C 3k+2 . Proposition 6 identifies the Roman complete multipartite graphs, i.e. K m 1 ,...,mn , where min{m 1 , . . . , m n } = 2, in which case either γ(G) = 1 and γ R (G) = 2, or γ(G) = 2 and γ R (G) = 4.
Two simple characterizations of Roman graphs are the following.
Proposition 12 A graph G is Roman if and only if it has a γ
Proof: Let G be a Roman graph and let f = (V 0 , V 1 , V 2 ) be a γ R -function of G. From Proposition 3(d) we know that V 2 V 0 and V 1 ∪ V 2 V , and hence
But since G is Roman, we know that
G is a Roman graph.
Proposition 13 A graph G is Roman if and only if γ(G) ≤ γ(G − S) + |S|/2, for every 2-packing S ⊆ V .
Proof: ¿From Corollary 1, we know that γ R (G) is the minimum value of 2γ(G−S)+
|S|, over all 2-packings S ⊂ V . Thus, if γ R (G) = 2γ(G), then 2γ(G−S)+|S| ≥ 2γ(G), or γ(G) ≤ γ(G − S) + |S|/2, for every 2-packing S ⊂ V . Conversely, if γ(G) ≤ γ(G − S) + |S|/2, for every 2-packing S ⊂ V , then 2γ(G) ≤ 2γ(G − S) + |S|, for every 2-packing S ⊂ V . This implies that 2γ(G) ≤ γ R (G). But from Proposition 1 we know that γ R (G) ≤ 2γ(G). Therefore, γ R (G) = 2γ(G).
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Although we have not characterized Roman trees, we have found the following subclass of Roman trees.
Theorem 2 If T is a tree on two or more vertices having a unique γ−set D, which is independent, then T is a Roman tree. In particular, the only γ R −function for such a tree T is f = (V − D, ∅, D).
It turns out that the independence of D is necessary, as there exist trees with unique dominating sets which are not independent, for which γ R (T ) < 2γ(T ). In addition, it is not necessarily true that if T has a unique independent γ−set then γ R (T ) = 2γ(T ). This theorem covers trees with a unique γ−set that is independent, which are different from trees with unique independent γ−sets.
Before proving the theorem, it is necessary to state some results from a paper by Gunther, et. al. [2] on the structure of graphs with unique minimum dominating sets.
Lemma 1 Let G be a graph which has a unique γ−set D. Then for any
x ∈ V − D, γ(G − x) = γ(G) and for any x ∈ D, γ(G − x) ≥ γ(G).
Theorem 3
Let T be a tree of order n ≥ 3. Then the following conditions are equivalent.
T has a unique γ−set D.
2. T has a γ−set D for which every vertex x ∈ D has at least two private neighbours other than itself.
T has a γ−set D for which every vertex x ∈ D has the property that γ(T − x) > γ(T ).
Proof of Theorem 2:
Let T be a tree with a unique γ−set D. Assume that for this tree T , the unique set D is independent. Let us call such a tree an independent γ−unique tree. Assume furthermore, that T has a γ R −function f = (V 0 , V 1 , V 2 ) with V 1 = ∅ of weight ≤ 2γ(T ), and that T is a smallest tree satisfying these conditions, i.e. |V | is as small as possible. Let us also assume that for this tree T , among all γ R −functions f with V 1 = ∅, |V 1 | is as small as possible. We can also assume, without loss of generality, that no vertex in V 2 is a leaf of T . We will prove that no independent γ−unique tree T has a γ R −function with V 1 = ∅. In this case, v is dominated by some vertex w ∈ D. Deleting every edge containing v, except vw,
Observation 1 If T is an independent γ−unique tree of smallest order, with a
Consider the subtrees T 1 , . . . , T k generated by deleting all edges vw, where
, and the minimality of T is again contradicted. If, however, k = 1 and all of the neighbours of v are private neighbours of v, then consider the subtrees T 1 , . . . , T s created by deleting N [v] . Note that all of these subtrees will contain at least two vertices. If one of these subtrees was a single vertex, that vertex would have to be in
By Theorem 3, we know that s ≥ 2, and since D is independent and f is a
Although in general this does not guarantee that some f i (V (T i )) ≤ 2|D i |, since the weights and dominating set sizes are positive integers, we do get that for some i, 
, and the proof is as above.
If v ∈ pn(w, D) for w ∈ T , then we modify the tree as follows. We delete B[v, w] from the tree, leaving k subtrees T 1 , . . . , T k . Again, none of these subtrees T i will consist of a single vertex; if one of the T i was a single vertex, the vertex would have to be in D, since v is not, but no vertex in D is a leaf of T . For every neighbour of v in T − T that is not in V 2 , we add that vertex to the V 1 in its T i . As earlier, we define the RDFs 
and since all of the weights and |D i |'s are integers, we can conclude that f i (V (T i )) ≤ 2|D i | for some i, contradicting the minimality of T . The path between v and w cannot be of length one, as no vertices in V 1 and V 2 can be adjacent. If the path is of length two, then in the argument above, v = y, that is, v is x's neighbour in V 2 . We delete B [v, w] from the tree, creating the subtrees T 1 , . . . , T k and add all of the vertices in N(v) dominated only by v to V 1 . If a subtree is a single vertex w, we can delete it as well, as it implies that v ∈ D and w ∈ pn(v, D). We will always have at least one subtree remaining with more than one vertex, because otherwise, T was a star K 1,k+1 with one of its edges subdivided, and that graph clearly does not have a unique γ−set that is independent. As in the proof of the observation above, one of the subtrees T i will have γ R (T i ) ≤ 2γ(T i ), contradicting the minimality of T . Let V 1 ∩ B(v, w) = {x 1 , . . . , x k }, where k ≥ 21. Again, by minimality, no vertex on the path from w to x i can be in V 2 , including the leaves. Furthermore, at least one of the paths between w and x i has to have length greater than one. Otherwise, two vertices in V 1 will share a neighbour (namely, w), which cannot happen when |V 1 | is minimized. Let d(w, x j ) > 1. Every vertex between w and x j must be the neighbour
